Abstract. We construct a general cohomological induction isomorphism from a uniform measure equivalence of locally compact, second countable, unimodular groups which, as a special case, yields that the graded cohomology rings of quasi-isometric, connected, simply connected, nilpotent Lie groups are isomorphic. This unifies results of Shalom and Sauer and also provides new insight into the quasi-isometry classification problem for low dimensional nilpotent Lie groups.
Introduction
Geometric and measurable group theory originated in the the works of Gromov and is by now a well developed and important tool in the study of countable discrete groups; see e.g. [Gro84, Fur99a, Fur99b, OW80] and references therein. One of the many insights from the beginning of the present century, due to Shalom, Shalom-Monod [MS06] and Sauer [Sau06] , is that group cohomology interacts well with the notion of quasi-isometry, which is among the most fundamental concepts in geometric group theory [Roe03, CdlH16] . However, in recent years, increasing emphasis has been put on the the more general setting of locally compact groups [BHI18, BFS13, CLM18, BR18a, KKR17, KKR18], and results concerning the interplay between group cohomology and quasi-isometry are now beginning to emerge in the setting as well [BR18b, SS18] . The present article provides a contribution to this line of research by proving that the central results due Shalom, Shalom-Monod and Sauer mentioned above, admit natural generalisations to the class of unimodular, locally compact, second countable groups. Actually, our primary focus will not be on quasi-isometry but rather on the related notion known as (uniform) measure equivalence, which is a measurable analogue of quasiisometry, introduced for discrete groups by Gromov in [Gro93] . Uniform measure equivalence can be defined also for unimodular, locally compact second countable groups [BFS13, KKR17] , and for compactly generated, unimodular groups it was shown in [KKR17] that, just as in the discrete case, uniform measure equivalence implies quasi-isometry and that the two notions coincide when the groups in question are amenable. Our primary focus will therefore be on uniformly measure equivalent topological groups and our first main result, drawing inspiration from [MS06, Proposition 4.6], is the following reciprocity principle in group cohomology; for the basic definitions concerning cohomology and uniform measure equivalence, see Section 2.
Theorem A. If G and H are uniformly measure equivalent, locally compact, second countable, unimodular groups, then for any uniform measure equivalence coupling (Ω, η, X, µ, Y, ν, i, j) and any Fréchet G × H-module E there exists an isomorphism of topological vector spaces H n G, L
As already mentioned, for compactly generated amenable groups, quasi-isometry and uniform measure equivalence coincide, and when the n-th Betti number β n (G) := dim R H n (G, R) is finite, then we have that H n (G, R) is automatically Hausdorff [Gui80, III, Prop. 3.1], so that we indeed recover Sauer's result [Sau06, Theorem 5.1].
We remark that both the class of connected, simply connected (csc) nilpotent Lie groups and the class of finitely generated, nilpotent groups both satisfy the assumptions in Theorem B and that these furthermore have finite Betti numbers in all degrees; see Section 2.1.1 for details on this.
For csc nilpotent Lie groups containing lattices, i.e. those admitting a rational structure [Mal51] , the isomorphism in Theorem B was already known to experts in the field, as it can be be deduced from [Sau06, Theorem 5 .1] via [Nom54, Theorem 1]. In this way Theorem B provides a more natural approach, covering also csc nilpotent groups without lattices, and, as a special case, it also gives a ring-isomorphism H * (Γ, R) ≃ H * (G, R) for any locally compact second countable, unimodular group G with a uniform lattice Γ G; see [KKR18, Proposition 6.11].
As an application of our results, we show in Section 5 how Theorem A can be used to improve on the quasi-isometry classification programme for csc nilpotent Lie groups of dimension 7.
Standing assumptions. Unless otherwise specified, all generic vector spaces will be over the reals, and this in particular applies to function spaces. Thus, if (X, µ) is a measure space L 2 (X) will denote the Hilbert space of real valued square integrable functions, and so on and so forth. We remark that this convention is primarily chosen to streamline notation, and that Theorem A and Theorem B hold verbatim over the complex numbers as well.
Preliminaries
2.1. Group cohomology. In this section we recall the basics on cohomology theory for locally compact groups, from the point of view of relative homological algebra; the reader is referred to [Gui80] for more details and proofs of the statements below. In what follows, G denotes a locally compact second countable group. Definition 2.1. A (continuous) G-module is a Hausdorff topological vector space E endowed with an action of G by linear maps such that the action map G × E → E is continuous. If E and F are G-modules, then a linear, continuous, G-equivariant map ϕ : E → F is called a morphism of G-modules and ϕ is said to be strengthened if there exists a linear, continuous map η :
Note that the map η in the definition of a strengthened morphism is not required to be G-equivariant. The definition of a strengthened morphism given above is easily seen to be equivalent to the more standard formulation given, for instance, in [Gui80, Definition D.1].
Definition 2.2. A G-module I is said to be relatively injective if for any strengthened, oneto-one homomorphism ι : E → F of G-modules E and F and any morphism ϕ : E → I there exists a morphismφ : F → I making the following diagram commutative
such that each I n is a relatively injective G-module and ι and d n are strengthened morphisms.
If (I n , d n ) is a relatively injective strengthened resolution of a G-module E, then the cohomology, H n (G, E), and reduced cohomology of G, H n (G, E), with coefficients in E is defined as that of the complex
where cl(−) denotes closure in the topological vector space I n . We will denote by H * (G, E) and
is independent of the choice of strengthened, relative injective resolution up to isomorphism of (not necessarily Hausdorff!) topological vector spaces and hence also H n (G, E) ≃ H n (G, E)/cl({0}) is independent of the choice of resolution. For the cohomology to be well defined one of course needs to know that strengthened, relatively injective resolutions exist, but in [Gui80, III, Proposition 1.2] it is shown that the complex
constitutes such a resolution. Here the "hat" denotes omission and C(G n+1 , E) denotes the space of continuous functions from G n to E endowed with G-action given by
When E is a Fréchet space and X is a σ-compact, locally compact, topological space whose Borel σ-algebra is endowed with a measure µ, then one defines, for p ∈ N, L p loc (X, E) as those measurable functions f : X → E such that
for every compact set K ⊂ X and every continuous seminorm q on E, and L p loc (X, E) is then defined by identifying functions in L p loc (X, E) that are equal µ-almost everywhere. This too is a Fréchet space when endowed with the topology defined by the family of seminorms
where K runs through the compact subsets of X and q runs through the continuous seminorms on E. As lcsc groups are σ-compact this construction applies to G and its powers and it was shown in [Bla79, Corollaire 3.5] that the complex
with G-action and coboundary maps given by the natural analogues of (2) and (1), is also a strengthened, relatively injective resolution.
2.1.1. Cohomological properties. Recall that a lcsc group G is said to have Shalom's property H T if for any unitary Hilbert G-module H (i.e. H is a Hilbert space endowed with the structure of a continuous G-module and each element in G acts as a unitary operator) the inclusion
Note that it follows by general disintegration theory and [Bla79, Theorem 10.1] that csc nilpotent Lie groups have property H T , and from this and Mal'cev theory [Mal51] it also follows that torsion free, finitely generated nilpotent groups have property H T ; see [Sha04, Theorem 4.1.3] for more details. The Betti numbers of G are defined as β n (G) := dim R H n (G, R) and we remark that these are finite whenever G is a csc nilpotent Lie group or a torsion free, discrete nilpotent group. For the latter, note that the classifying space of such groups are finite CW-complexes and the group cohomology agrees with the cohomology of the classifying space, and for the former can be seen for instance by passing to Lie algebra cohomology via the van Est theorem [vE55] . Moreover, when β n (G) < ∞, then H n (G, R) is automatically Hausdorff [Gui80, III, Proposition 2.4] and hence there is no difference between reduced and ordinary cohomology.
2.1.2. Cup products. For a discrete group Γ, it is well-known that its cohomology with real coefficients H * (Γ, R) = ⊕ n 0 H n (Γ, R) becomes a unital, graded commutative ring for the so-called cup product, and the same construction also works for lcsc groups, but since this does not seem properly documented in the existing literature we recall the construction below. If G is lcsc groups and ξ ∈ C(G n+1 , R) and η ∈ C(G m+1 , R), one defines their cup product ξ ⌣ η ∈ C(G n+m+1 , R) as
. . , g n+m ).
As the cup product commutes with the G-action, in the sense that (g.ξ) ⌣ (g.η) = g.(ξ ⌣ η), it descends to a map
Moreover, the standard differentials satisfy a graded Leibniz rule, i.e.
from which it it follows that the cup product passes down to the level of cocycles and that the set of coboundaries is an ideal, so that the cup product descends to a map
which turns H * (G, R) into a unital, graded commutative ring. We will encounter more elaborate cup products in Section 4 satisfying natural analogues of (4), so to make the argument easily available we now give the short proof of (4), in order to leave the details later to the reader in good conscience. To prove (4), let cocycles ξ ∈ C(G n+1 , R), η ∈ C(G m+1 , R) be given and note that
On the other hand
where the last equality follows since the last summand in the frist sum cancels with the first summand in the second; this proves (4).
A direct computation shows that the cup product is continuous with respect to the topology of uniform convergence on compacts at the level of cochains, and since we just saw that the coboundaries constitute an ideal, the same is true for the their closure. Thus, the cup product also descends to a product on H * (G, R).
Measure equivalence.
In this section we review the necessary theory concerning (uniform) measure equivalence for locally compact groups; we refer to [BFS13] and [KKR17] for more details on the involved notions.
Definition 2.4 ([BFS13]
). Two unimodular lcsc groups G and H with Haar measures λ G and λ H are said to be measure equivalent if there exist a standard Borel measure G × H-space (Ω, η) and two standard Borel measure spaces (X, µ) and (Y, ν) such that: (i) both µ and ν are finite measures and η is non-zero; (ii) there exists an isomorphism of measure G-spaces i :
where Ω is considered a measure G-space for the restricted action and G × Y is considered a measure G-space for the action g.(g ′ , y) = (gg ′ , y); (iii) there exists an isomorphism of measure H-spaces j :
where Ω is considered a measure H-space for the restricted action and H × X is considered a measure H-space for the action h.(h ′ , x) = (hh ′ , x). A standard Borel space (Ω, η) with these properties is called a measure equivalence coupling between G and H, and whenever needed we will specify the additional data by writing (Ω, η, X, µ, Y, ν, i, j).
Any measure equivalence coupling gives rise to measure preserving actions G (X, µ) and
These are defined almost everywhere by the relations
In the definition of the actions and cocycles above, we are paying little attention to the measure theoretical subtleties, but the diligent reader may find these worked out in detail in [KKR17, Section 2]. Note that it was was also proven in [KKR17] that one can always obtain a strict measure equivalence coupling; i.e. one in which the maps i and j are Borel isomorphisms and globally equivariant.
Definition 2.5 ([KKR17])
. A strict measure equivalence coupling (Ω, η, X, µ, Y, ν, i, j) between unimodular, lcsc groups G and H is said to be uniform if
C × Y . In this case G and H are said to be uniformly measure equivalent (UME), and the properties (i) and (ii) are referred to as the cocycles being locally bounded.
As mentioned already, measure equivalence was introduced by Gromov as a measure theoretic analogue of quasi-isometry, and although neither property in general implies the other, it was proven in [KKR17, Proposition 6.13] that for compactly generated 1 , unimodular, lcsc groups, uniform measure equivalence always implies quasi-isometry, and that the converse holds under the additional assumption of amenability [KKR17, Theorem 6.15 ]. This generalises earlier results for discrete groups by Shalom [Sha04] and Sauer [Sau06] .
If (Ω, η, X, µ, Y, ν, i, j) is a strict UME coupling between G and H and E is a Fréchet space then we define L p loc (Ω, E) as those (equivalence classes modulo equality η-almost everywhere) of measurable functions f : Ω → E such that for every C ⊂ G compact and every continuous seminorm q on E, one has
We topologise L 2 loc (Ω, E) with via the seminorms q C (f ) :
We could of course also have defined L p loc (Ω, E) using the map j instead of i, but since Ω is uniform this gives rise to exactly the same space.
Lemma 2.6. With the action defined by (5) the space L 2 loc (Ω, E) becomes a Fréchet G × Hmodule.
Proof. Since Y is standard Borel we may equip it with a compact metrizable topology generating the σ-algebra [Kec95, Theorem 15.6], and the space L 2 loc (Ω, E) then directly identifies with
. It suffices to show that both groups act continuously, and by symmetry it is enough to treat the G-action. To this end, note that
where the action on the right hand side is given by
, it is enough to show that the action is equicontinuous over compact sets and pointwise continuous on elements from C(Y, E). To see the former, let K ⊂ G be compact and q be a continuous seminorm on E. Then since G E is continuous, there exists a continuous seminorm q ′ on E such that for all g ∈ K and x ∈ E we have q(g.x) q ′ (x). Hence, for g ∈ K and ξ ∈ L 2 (Y, E) we also have that
showing equicontinuity over compact sets. To see that the action is pointwise continuous on ξ ∈ C(Y, E), simply note that if g n → g in G and q is a continuous seminorm on E then
where the convergence follows from compactness of ξ(Y ) ⊂ E and [Gui80, Lemme D.8 (iii)].
Proof of Theorem A
The aim of the current section is to prove Theorem A, so we fix uniformly measure equivalent, unimodular lcsc groups G and H and a strict, uniform measure equivalence (Ω, η, Xµ, Y, ν, i, j) between them, as well as Fréchet G × H-module E. Consider the space
constitutes a strengthened, relatively injective resolution of the G × H-module L 2 loc (Ω, E) when endowed with the standard homogeneous differentials, given by the obvious modification of the formula (1).
Proof. Throughout the proof we identify Ω with H × X through the map j defining the L 2 loc -structure on Ω; recall that under this identification the
Since X is standard Borel, [Kec95, Theorem 15.6] ensures that we can find a compact, metrizable topology on it whose open sets generate the Borel structure, and we may therefore consider the Frechet space L 2 loc (G n × X, E). Arguing as in [Gui80, n • D.3.2.], we obtain that this is a Fréchet G × H-module when endowed with the G × H-action
By [Bla79, Théorème 3.4], we therefore have that
with the standard G × H-action, is a relatively injective Fréchet G × H-module. A routine calculation now shows that the map
is an isomorphism of Fréchet spaces intertwining the G × H-actions, and hence it follows also L 2 loc G n+1 , L 2 loc (Ω, E) is relative injective, as desired. Since the complex R G is simply the standard L 2 loc -resolution of L 2 loc (Ω, E) considered only as a G-module, it is clearly strengthened, and hence the proof is complete.
Proof of Theorem A. Since the roles of G and H are symmetric in the module structure on L 2 loc (Ω, E) one may construct a strengthened, relative injective resolution R H of L 2 loc (Ω, E) analogous to (6), whose degree n term is given by L 2 loc (H n+1 , L 2 loc (Ω, E)). Thus, both R G and R H compute H n (G × H, L 2 loc (Ω, E)) after passing to G × H-invariants and cohomology. However,
where the last equality is due to the fact that H acts trivially in the G n+1 -direction. From this we see that passing to G × H-invariants in R G is exactly the same as passing to G-invariants in the L 2 loc -resolution (3) of the G-module L 2 loc (Ω, E) H , and hence we obtain a topological isomorphism E) ). Replacing R G with R H , a symmetric argument yields that
and the desired isomorphism follows.
and, similarly, an isomorphism of G-modules L 2 loc (Ω, E) H ≃ L 2 (X); hence the last part of the statement follows from the first.
Remark 3.2. Theorem A is stated for real Fréchet spaces and real cohomology, but as seen from the proof just given, the analogous statement over the complex numbers also holds true with verbatim the same proof.
Remark 3.3. The proof just given does not, directly, provide a concrete map realizing the isomorphism H n G, L 2 loc (Ω, E) H ≃ H n H, L 2 loc (Ω, E) G , but for applications, e.g. our Theorem B, having a concrete map is very useful, and we shall therefore now describe one such a map. By general relative homological algebra [Gui80, III, Corollaire 1.1] , any morphism χ of complexes of G × H-modules from R G to R H which lifts the identity on L 2 loc (Ω, E) will induce a (topological) isomorphism
by setting
where π G : G × Y → G denotes the projection onto the first factor. Identifying Ω with G × Y via i the map takes the form
Note that the map χ n does indeed take values in L 2 loc (H n+1 , L 2 loc (Ω, E)) since Ω is uniform such that the cocycles are locally bounded, and from this it also follows that χ n is continuous. It is straight forward to see that χ is a chain map lifting the identity on L 2 loc (Ω, E) and from the cocycle identity it follows that χ n is G × H-equivariant.
Proof of Theorem B
In this section we prove Theorem B. We thus assume that G and H are uniformly measure equivalent, unimodular, lcsc groups satisfying property H T whose Betti numbers are finite in all degrees, and fix a strict, uniform measure equivalence coupling (Ω, η, X, µ, Y, ν, i, j) . By [KKR17, Proposition 2.13], and its proof, one may change the measures η, µ and ν into ones that are ergodic for the G × H-, G-and H-action, respectively, so we may, and shall, assume that the original measures are ergodic. Furthermore, by rescaling the measures involved, we may also assume that ν is a probability measure. We therefore obtain isomorphisms
Chasing through the isomorphisms above, using the explicit isomorphism χ n from Remark 3.3, shows that
and the aim is now to prove that this isomorphism preserves cup products. To this end, we need an auxiliary complex defined as follows:
where the products on the right hand side are the pointwise products between functions in L ∞ (Y ) and L 2 (Y ).
Lemma 4.3. The product defined by (9) descends to a product on H * (D) turning it into a unital ring. Similarly, the products (7) and (8) descend to the level of cohomology and reduced cohomology turning
(the products being defined pointwise) and from this it follows that the cup product of Hinvariant elements is again H-invariant, so that ⌣ restricts to the level of fixed points for H. Moreover, by repeating the proof of (4) mutatis mutandis, the cup products (7), (8) and (9), are seen to satisfy the obvious versions of the Leibniz rule, from which it follows that H * (D) becomes a (graded) ring for which H * (H, L 2 (Y )) is a (graded) bimodule. We will omit the details of the latter, and instead show that H * (H, L 2 (Y )) becomes a H * (D)-bimodule, since this proof contains the other as a special case. We need to show that if α,
and note that, by the Leibniz rule, we have
, so to finish the proof it suffices to show that the cup product is pointwise continuous in the second variable; i.e. that if
. To see this, let K ⊂ H n+m+1 be given. Upon passing to a bigger compact set, we may assume that K = n+m i=0 K i for some compact subsets K i ⊂ H and we now get
By definition of D n we have
and by assumption With the lemmas above at our disposal, we can now prove Theorem B following the strategy in [Sau06] almost verbatim. Recall that we have fixed a strict, ergodic UME coupling (Ω, η, X, µ, Y, ν, i, j) and normalized the measures so that ν has total mass 1.
From this it follows that we get a decomposition of H-complexes
Similarly, denote by D n 0 the subcomplex of D n consisting of the (classes of) those functions who integrate to zero almost everywhere and by D n R the (classes of functions) that, almost everywhere, are are almost everywhere constant on Y , and note that the decomposition Φ maps D n onto D n 0 ⊕ D n R . To be extremely precise, D n
Here p * 2 is the map induced at the level of reduced cohomology of the map L 2 (Y ) → R given by integration against ν and p * is defined as p * 2 • ι * . Now, I * 0 is multiplicative, since already at the level of cochains we have I 0 (ξ ⌣ η) = I 0 (ξ) ⌣ I 0 (η) for ξ ∈ C(G n+1 , R) and η ∈ C(G m+1 , R), which is seen by a direct computation. So to see that κ * := p * 2 • ι * • I * 0 is an isomorphism of graded rings, it suffices to show that p * = p * 2 • ι * is multiplicative. To this end, first notice the map ι * is a bimodule map with respect to the H * (D)-bimodule structure on H * (D) given by left/right multiplication and the the H * (D)-bimodule structure on H n (H, L 2 (Y )) described in Lemma 4.3, and its kernel is therefore a two-sided ideal. Moreover, since p * 2 is an isomorphism, we have ker(ι * ) = ker(p * ), and from this we now obtain that p * is multiplicative as follows:
Since ξ 1 and η 1 takes values in essentially constant functions on Y we obtain
is therefore multiplicative and since we already argued, in the beginning of this section, that this map descends to an isomorphism H * (G, R) ≃ H * (H, R) it follows that it too is multiplicative.
Remark 4.5. Of course one could also define a cup product on H * (G, C) and the arguments above obviously generalise to this setting so that the analogue of Theorem B over the complex numbers holds true as well.
An application
It is a well known open problem to classify connected simply connected (csc) nilpotent Lie groups up to quasi-isometry, and conjecturally quasi-isometry coincides with isomorphism on this class of groups [Cor18] . Although classification is wide open in general, csc nilpotent Lie groups of dimension less than 7 are completely classified (up to isomorphism) by means of the corresponding classification of nilpotent real Lie algebras of dimension less than 7. This classification is the work by many hands, and we will here focus on Gong's thesis [Gon98] which provides the first complete classification of all 7-dimensional, real, nilpotent Lie algebras. Regarding the quasi-isometry problem mentioned above, there are basically two main results supporting the conjecture. Firstly, by Pansu's celebrated paper [Pan89] , if G and H are quasiisometric csc nilpotent Lie groups with Lie algebras g and h, respectively, then their associated Carnot Lie algebras Car(g) and Car(g) are isomorphic. Recall that if g is a step c nilpotent Lie algebra with lower central series g = g [1] g [2] . . . g [c] {0}, then its Carnot algebra is defined by
with Lie bracket given, forξ ∈ g i /g i+1 andη ∈ g j /g j+1 , by [ξ,η] := [ξ, η] ∈ g i+j /g i+j+1 . Secondly, if G and H both contain lattices, i.e. admit rational structures [Mal51] , then by [Sau06, Theorem 5.1] and [Nom54, Theorem 1] one may conclude that H * (G, R) and H * (H, R) are isomorphic as graded commutative rings, and this also prevents many low dimensional csc nilpotent Lie groups from being quasi-isometric; see [Cor18] for the state of the art in this direction. Our Theorem A and Theorem B generalise the latter result (see Section 2.1.1 for this) and we now argue how this can be used to distinguish new csc nilpotent Lie groups up to quasi-isometry. To this end, recall first that for a csc nilpotent Lie group G with Lie algebra g, the van Est theorem [vE55] provides an isomorphism of graded commutative rings H * (G, R) ≃ H * (g, R), where the latter denotes the Lie algebra cohomology og g (see e.g. [Gui80, Chapter II]). Secondly, recall that Gong's list [Gon98] contains nine 1-parameter families of real Lie algebras, and we will here focus on two of these families. We will use the same labeling scheme as in [Gon98] ; in particular, {x 1 , . . . , x 7 } will always denote the basis elements of a given Lie algebra, and · · · is used to denote the R-linear span of vectors. As is customary, all non-specified brackets between basis elements are implicitly set to zero. The family has lower central series x 1 , x 2 , x 3 , x 4 , x 5 , x 6 , x 7 x 3 , x 5 , x 6 , x 7 x 5 , x 7 x 7 , and Carnot algebra given by the relations The family has lower central series x 1 , x 2 , x 3 , x 4 , x 5 , x 6 , x 7 x 3 , x 5 , x 6 , x 7 x 5 , x 7 x 7 , and Carnot algebra given by the relations [x 1 ,x 2 ] =x 3 , [x 1 ,x i ] =x i+1 , i = 3, 4, 5.
Thus 1357M and 1357N have the same Carnot Lie algebra for all valid values of λ, and thus these families cannot be separated into quasi-isometry classes by Pansu's result [Pan89] . Using the computer algebra system Maple (or an equivalent type of software), one can quite easily compute the real cohomology groups of a given Lie algebra, and doing so one obtains that 1357M has Betti numbers (1,3,6,8,8,6,3,1) and that 1357N has Betti numbers (1,3,5,7,7,5,3,1) for all but finitely many 2 λ ∈ R. Thus, up to excluding finitely many values of λ, no member of 1357M can have isomorphic real cohomology to any member of 1357N, and it follows that the corresponding csc nilpotent Lie groups are not quasi isometric by Theorem A. Since at most a countable number of members of each family have an associated csc Lie group which admits a lattice, this illustrates an instance where Theorem A can tell apart (up to quasi-isometry) Lie groups that are not distinguished by neither the results of Pansu, nor by those of Sauer and Shalom [Sau06, Sha04] .
Remark 5.1. One could naively wonder if the real cohomology ring is a complete quasiisometry invariant within the class of 7-dimensional csc nilpotent Lie groups, although this would be somewhat surprising since it is known that there exist non-isomorphic 5-dimensional csc nilpotent Lie groups with isomorphic cohomology rings [Cor18, 6 .E]. This phenomenon turns out to appear in dimension 7 as well, as we will now describe by means of a concrete example. To this end, consider the Lie algebra g 1 := 13457G, whose bracket relations are given by
